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Abstract 
The paper is concerned with multivariate conditional autoregressive CAR models, also known as Gaussian Markov random 
fields. This is an important class of models which is frequently used in epidemiological analysis and in health care research in
general. Several multivariate CAR models have been proposed to date, any of which could be applied, for example, to multiple-
disease mapping. This paper discusses their theoretical background and proposes a generalized form which encompasses the 
formulation of recent proposed models. 
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1. Introduction 
Large amounts of essentially-continuous spatial data are associated with the nodes or interiors of a regular 
rectangular lattice, or with irregularly-spaced sites or irregularly-shaped regions. For example, pixellated images are 
associated with the interiors of rectangular lattices, and epidemiological, ecological and environmental data are 
usually associated with irregular sites or regions.  
It is often reasonable to use, possibly after transformation, a Gaussian distribution to model continuous data. 
Gaussian models are also used as prior models for the parameters of discrete models, such as the Poisson and 
Logistic. Henceforth we only consider Gaussian models, which are defined by the mean and variance structure. An 
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important class of models, which is frequently used, is that of conditional autoregressive CAR models (see, e.g., 
Cressie1, sec 6.3.2), also known as Gaussian Markov random fields.  
In many cases, there is more than one variable of interest, so that multivariate models are necessary. An example 
with a regular rectangular lattice is multiband satellite imagery, e.g. Mardia7. Examples where multivariate CARs 
are used for irregular regions, with applications in health care research, are Kim et al.6, Gelfand and Vounatsou2, Jin 
et al.4, Jin et al.5, Greco and Trivisano3, Martinez-Beneito8.
For lattice data, the number of sites can be very large. Models for the mean-corrected observations are usually 
simplified, for example taken to be stationary. Different orders of neighbourhoods can be considered. With irregular 
regional (or areal) data, the number of sites is usually not large, but the model is more complicated, with the form of 
the dependence varying at each site. In both cases, it can be difficult to check if the model parameters are allowable, 
or equivalently if the variance matrix is positive-definite (pd), and Gaussian maximum likelihood estimation can be 
difficult and time-consuming. Jin et al.5 give a method for checking pd for a special case of a multivariate CAR.  
Here, some situations are considered in which checking for pd, and likelihood evaluation of multivariate CARs 
can be efficiently carried out. For irregular regions, the results turn out to be highly related to a generalized form of 
the model of Jin et al. 5 and Martinez-Beneito8.
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